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Abstract
Using a hydrogen molecule as a test system we demonstrate how to compute the effective potential
according to the formalism of the new density functional theory (DFT), in which the basic variable
is the set of spherically averaged densities instead of the total density, used in the traditional DFT.
The effective potential together the external potential, nuclear Coulomb potential, can be substituted
in the Schrödinger like differential equation to obtain the spherically averaged electron density of the
system. In the new method instead of one three-dimensional low symmetry equation one has to solve
as many spherically symmetric equations as there are atoms in the system.
More than fifty years have passed since the fundamental theorems behind one of the most successful
quantum theories of the electron gas was put forward [1], [2]. This formulation of the density functional
theory (DFT) of the 60s has enabled a large, still growing, number of significant theoretical and computa-
tional studies of materials properties. The new formulation of DFT, first published in 2018 by Theophilou
[3], states that besides the total electron density there exists also a set of spherically symmetric densities
that determines the external potential of the system. A different approach for using spherically symmetric
densities as basic variables was introduced by Nagy [4]. The spherically symmetric approach could lead
to dramatic improvements of the computational methods.
In her recent article [5] Á. Nagy formulates a Schrödinger-like differential equation for the spherically
symmetric densities of many atom systems. Based on the results presented in Ref. [5] we study here how
the spherically symmetric procedure can be implemented in numerical formalism. For the test case we
choose the hydrogen molecule. Hartree units are used exclusively.
The electronic wave function of the H2 molecule we represent by a 2× 2 determinant. Based on that
choice we demonstrate how to construct the Schrödinger-like equation for numerical calculations of the
electronic density of H2.
For this purpose the key equations in Ref. [5] are
hˆαeff(rα)σ
1/2
α (rα) = µσ
1/2
α (rα) (1)
where
hˆαeff(rα) = −
1
2
d2
dr2α
+ να(rα) + ν
α
eff(rα) (2)
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and
να(rα) = −Zα
rα
, rα = |r−Rα| (3)
σα(rα) = 4pirα
2ρ¯α(rα) (4)
where
ρ¯α(rα) =
1
4pi
∫
Ωα
ρ(rα)dΩα (5)
ρ(rα) = N
∫
|Ψ(x1, ..., xN−1, rα, sN )|2dx1...dxN−1dsN (6)
where N is the number of electrons, α refers to a nucleus (α ∈ {1, ...M}), Zα is th charge of the nucleus
α, rα is the position of an electron with respect to the nucleus α, s is the spin variable and µ is the
chemical potential, the negative of the ionization energy I. Ψ(x1, ..., xN−1, rα, sN ) is the total electronic
wave function of the many atom system. There are M equations for the spherically symmetric densities
(one for each nucleus).
The effective potential ναeff(rα) can be broken down into several parts (in the following formulas we use
N = 2 for H2):
ναeff1(rα) =
∫
Φ∗(x1, rˆα)[Hˆ1 − E01 ]Φ(x1, rˆα)dx1drˆαds2︸ ︷︷ ︸
ναeff1,1(rα)
+
∫
1
|r1 − rα|D(r1, rα)dr1drˆα︸ ︷︷ ︸
ναeff1,2(rα)
+
1
2
∫
|∇rαΦ(x1, rˆα)|2dx1drˆαds2︸ ︷︷ ︸
ναeff1,3(rα)
(7)
ναeff2(rα) = −
1
2r2α
∫
Φ∗(x1, rˆα)∇2θαφαΦ(x1, rˆα)dx1drˆαds2︸ ︷︷ ︸
ναeff2,1(rα)
+
∫
ν1(|rα −R21|)|Φ(x1, rˆα)|2dx1drˆαds2︸ ︷︷ ︸
ναeff2,2(rα)
(8)
where
D(r1, rα) =
∫
|Φ(x1, rˆα, s2)|2ds1ds2 (9)
ν1(|rα −R21|)) = −1|rα −R21| (10)
and Φ is defined as
Ψ(x1, x2) = (2pi)
1/2[ρ¯α(rα)]
1/2Φ(x1, rˆα, s2). (11)
The one-electron orbital is a function of the space coordinates (xi, yi, zi) and the spin function σi has
one of two values (a or b). The electronic wave function of H2 is then written as a Slater determinant
Ψ =
1√
2
∣∣∣∣(ψγ1σ1)1 (ψγ1σ1)2(ψγ2σ2)1 (ψγ2σ2)2
∣∣∣∣ . (12)
Orbitals ψγ , are linear combinations of functions φi and the superscript shows the electron occupying the
spin orbital in question.
ψγ =
∑
i
Cγiφi. (13)
2
We use a minimum basis set composed of two 1s atomic orbitals
φ1 =
1√
pi
exp(−rA)
φ2 =
1√
pi
exp(−rB), (14)
where rA and rB are the distances of the electrons from the respective nuclei (A and B). The ground state
is constructed using a molecular orbital
ψ1 = N1(φ1 + φ2), (15)
where normalization factor N1 is
Psi1 = N(exp(-r) + exp(L2 + r2 - 2LrCos(theta))(1/2))/Pi(1/2)
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Figure 1: Molecular orbital ψ1, Eq. (15) plotted in (y,z) plane. Nuclei are in the z axis, one at the origin
and the other one at z = 0.84 (y and z are given in Bohr radii).
N1 =
(∫
ψ21dr
)−1/2
. (16)
To exploit the mathematical equation (11) we factorize the wave function (15) into radial and angular
parts by minimizing the difference |N1(φ1 +φ2)− ρ¯α(rα)1/2A(θα)|. The optimized (unnormalized) A(θ) is
A(θα) = p(q + s cos[((arccos[cos[θα]]− pi)/pi)7 + 1]), (17)
where p, q, s are 0.8, 1.7, and 2.0,respectively, giving
ψ1 = ρ¯α(rα)
1/2A(θα)
[∫
A(θα)
2dΩα
]−1
. (18)
The above procedure leads to the following expressions for the potential terms:
ναeff,1,1(rα) ≈ E1 − E0N−1 +N21 < φ2(r1)|vα − vβ|φ2(r1) >, (19)
where E1 and E0N−1 are the ground state energy of the hydrogen atom and the ground state energy of the
singly ionized hydrogen molecule, respectively
ναeff,1,2(rα) ≈[∫{∫
1√
[rα cos(θα)− r1 cos(θ1)]2 + [rα sin(θα) cos(φα)− r1 sin(θ1) cos(φ1)]2 + [rα sin(θα) sin(φα)− r1 sin(θ1) sin(φ1)]2
dφ1dφα
}
ψ(r1, θ1)
2r21 sin(θ1)A(θα)
2 sin(θα)dr1dθ1dθα
] [∫
A(θα)
2 sin(θα)dθα
]−1
(20)
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Figure 2: Potentials veff1,2 Eq. (20) and veff2,2 Eq. (23) (−1/r and 1/r are shown for comparison). r is
given in Bohr radii and potential in Hartrees.
ναeff,1,3(rα) ≈
1
2
1
r2α
∫ [
∂A(θα)
∂θα
]2
dΩα
[∫
A(θα)
2dΩα
]−1
(21)
ναeff2,1(rα) ≈ −
1
2r2α
∫ [∫
A(θα)
2dΩα
]−1 ∫
A(θα)∇2θαφαA(θα) dΩα (22)
ναeff2,2(rα) ≈
[∫
A(θα)
2dΩα
]−1 ∫ −A(θα)2√
(L− rα cos θα)2 + (rα sin θα)2
dΩα (23)
The potential terms ναeff1,2(rα) and ν
α
eff2,2(rα) are shown in Fig. 2, the electrostatic potentials
−1
r and
1
r
are shown for comparison. Fig. 3 shows the potentials ναeff1,3(rα) and ν
α
eff2,1(rα).
Fig. 4 shows the sum of the potentials obtained from Eqs. (20), (21), (22), (23), and −1/r. The
’other’ nucleus can be seen to lower the potential in the region r ∈ (0.3, 2) and to increase the potential
when r < 0.2. The position of the ’other’ nucleus is at r = 0.84 The effect in the region r ∈ (0.3, 2) is
mainly due to potentials ναeff1,2 and νeff2,2 (Fig. 2) and the effect in the region r < 0.2 is mainly due to the
potentials ναeff1,3 and ν
α
eff2,1 (Fig. 3 ).
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Figure 3: Potentials ναeff1,3(rα) Eq. (21) and ν
α
eff2,1(rα) Eq. (22). r is given in Bohr radii and potential in
Hartrees.
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Figure 4: The red curve shows the sum of potentials (vtotal) from equations (20), (21), (22), (23), and
−1/r. For comparison also the potential of one nucleus −1/r is shown by separate curve (blue).
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